ISSN 2350-1049

International Journal of Recent Research in Interdisciplinary Sciences (IJRRIS)
Vol. 11, Issue 4, pp: (28-32), Month: October - December 2024, Available at: www.paperpublications.org

A Study of the Fractional Differential Problem

of Some Matrix Fractional Functions
Chii-Huei Yu

School of Mathematics and Statistics, Zhaoging University, Guangdong, China

DOI: https://doi.org/10.5281/zenodo.13995126
Published Date: 26-October-2024

Abstract: In this paper, based on Jumarie’s modified Riemann-Liouville (R-L) fractional derivative and a new
multiplication of fractional analytic functions, we obtain arbitrary order fractional derivative of two matrix
fractional functions. In fact, our results are generalizations of ordinary calculus results.

Keywords: Jumarie’s modified R-L fractional derivative, new multiplication, fractional analytic functions, matrix
fractional functions.

I. INTRODUCTION

Fractional calculus is a natural extension of classical calculus, which has a history of more than 300 years. In fact, since
the birth of differential and integral theory, several mathematicians have studied their ideas on the calculation of non-
integer order derivatives and integrals. However, although much work has been done, the application of fractional
derivatives and integrals has only recently begun. In recent years, the development of fractional calculus has stimulated
people's new interest in physics, engineering, economics, biology, control theory, and other fields [1-12].

However, the rule of fractional derivative is not unique, many scholars have given the definitions of fractional derivatives.
The common definition is Riemann-Liouville (R-L) fractional derivatives. Other useful definitions include Caputo
fractional derivatives, Grunwald-Letnikov (G-L) fractional derivatives, and Jumarie type of R-L fractional derivatives to
avoid non-zero fractional derivative of constant function [13-17].

In this paper, based on Jumarie type of Riemann-Liouville (R-L) fractional derivative and a new multiplication of
fractional analytic functions, we obtain arbitrary order fractional derivative of two matrix fractional functions. In fact, our
results are generalizations of ordinary calculus results.

Il. PRELIMINARIES
At first, we introduce the fractional derivative used in this paper.

Definition 2.1 ([18]): Let 0 < a <1, and x, be a real number. The Jumarie’s modified Riemann-Liouville (R-L) a-
fractional derivative is defined by

(2D (0] = o f* LOTC0) gy )

I(l1-a)dx "Xo (x—t)%

where T'( ) is the gamma function. On the other hand, for any positive integer p, we define (XOD;‘)p[f(x)] =
(sDE) (x,D%) = (1, DE)[f ()], the p-th order a-fractional derivative of f(x).

Proposition 2.2 ([19]): If a,B,x,, C are real numbers and § = a > 0, then

(e D)x = x)F] = 1320 (e = x0)F 2)
and
(xDE)IC] = 0
®3)
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Definition 2.3 ([20]): If x, x,, and a,, are real numbers for all n, x, € (a,b), and 0 < a < 1. If the function f,: [a,b] - R

can be expressed as an a-fractional power series, that is, f,(x%) = Z;‘fzor(;—"(x—xo)"“ on some open interval

a+1)
containing x,, then we say that f,(x%) is a-fractional analytic at x,. Furthermore, if f,:[a, b] - R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional
analytic function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([21]): If 0 < @ < 1. Assume that f, (x%) and g, (x%) are two a-fractional power series at x = x,,

fo@®) = T s (2 = x)™, (@)
9a(x) = T s (2 = %)™ ©)
Then
fa (XM ®q ga (%)
= S0ty O = %)™ @ Ttz ppy (8 = %0)™
= Tiomers (Tieo () @nombm) G = x0)"™ (6)
Equivalently,
fa (X)) ®q gu (%)
- Z;?:O% (F(a1+1) (x = xO)a)®an Ba Z,"{;o% (F(a1+1) (x - xo)a)®a"
= 5202 (Seo (1) @nombin) (s e = 20)7) ™

Definition 2.5 ([22]): If 0 < @ < 1, and x is a real number. The a-fractional exponential function is defined by

o oo xna v 1 1 @ Qqn
Eq(x%) = Xn=o T(na+1) Zn:on! (F(a+1)x ) ’ (8)

On the other hand, the a-fractional cosine and sine function are defined as follows:

ay — Voo (_1)nx2na_ o (D" 1 p ®q 2n
c05q (x) = Xnzo r(2na+1) Lo (2n)! (F(a+1)x ) | 9)
and
; @y _ voo  (FDM@mADeE o (—)n 1 g \®a@ntD)
sing (%) = Xin=o r(@n+Da+1) Zn=o (@n+1)! (F(a+1)x ) : (10)

Definition 2.6: If 0 < a < 1, and A is a matrix. The matrix a-fractional exponential function is defined by

xna

=3r o= (A x“)®“n. (11)

a —_— (oo} n
E (Ax®) = $5.0 A —

I'(na+1)

And the matrix a-fractional cosine and sine function are defined as follows:

@y _ g an CDMEE oy (D" 1 g)\®"
€08 (Ax") = Y=o 4 rzna+1) =0 (2n)! (A r(a+1) ) ’ (12)
and
. o oo n(_l)nx(2n+1)a o (-Dn 1 « ®q (2n+1)
Sing(Ax®) = Yo A r(@n+a+1) Ln=o (2n+1)! (A T+’ ) ' (13)
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Theorem 2.7 (matrix fractional Euler’s formula): If 0 < @ < 1, i = /=1, and A is a real matrix, then
E,(iAx%) = cos,(Ax%) + isin, (Ax%). (14)
Theorem 2.8 (matrix fractional DeMoivre’s formula): If 0 < @ < 1, p is an integer, and A is a real matrix, then
[cos, (Ax%) + ising (Ax%)]®aP = cos,(pAx%®) + ising, (pAx%). (15)
Notation2.9: If z = a + ib is a complex number, a, b are real numbers. We denote a the real part of z by Re(z), and b
the imaginary part of z by Im(z).
I11. MAIN RESULTS

In this section, we obtain arbitrary order fractional derivative of two matrix fractional functions. At first, a lemma is
needed.

Lemma 3.1: Suppose that r, s are real numbers, s > 0 and p is an integer, then

(r +is)? = (r? + s2)P2exp (ip : arccotg) . (16)
Proof (r+is)?
T . N p
= [T (i)

= (\/rz + sz)p(c059 + isin@)P (where 6 = arccotg)

= (r? + s?)P/2(cosph + isinpf) (by DeMoivre’s formula)

= (r? + s2)P2exp(iph) (by Euler’s formula)

= (1?2 + s%)P/2exp (ip - arccot g) : g.e.d.

Theorem 3.2: If 0 < a <1, (—1)% exists, r, s are real numbers, s > 0, p is any positive integer, and A4 is a real matrix,
then the p-th order a-fractional derivative of the matrix a-fractional function

£o(Ax®) = B, (rAx®)®, cos, (sAx®) (17)
s (oDf) [fe4x)]
= (% + s)P/2 - APE, (rAx®)®, [cos (p- arccot™) cos, (sAx®) — sin (p - arccot %) sin, (sAx“)]. (18)
Proof  (oD)" [fa(Ax)]
= (DY) [EL(rAx®)®¢ cos,(sAx®)]
= (oD%)’ [Re{E, ((r + is)Ax™)}]
= Re{ (DF)" [E«((r + is)Ax®)]}
= Re{AP(r + is)? - E,((r + is)Ax*)}
= Re {A”(rz + s2)P/2 [cos (p : arccotg) + isin (p : arccotg)] [Ea(rAx“)®a [cos, (sAx®) + isin, (sAx“)]]}
= (r? + S22 - APE, (rAx®)®q [cos (p - arccot ) cos, (sAx®) — sin (p - arccot %) sing (sAx®)| g.e.d.

Theorem 3.3: Suppose that 0 < a < 1, (—1)% exists, r, s are real numbers, s > 0, p is any positive integer, and 4 is a
real matrix, then the p-th order a-fractional derivative of the matrix a-fractional function
9o (Ax®) = E,(rAx®)Q, sing (sAx*) (19)
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is

(0D2) [ga(Ax™)]

(r? + s2)P/2 - APE, (rAx®)®, [cos (p . arccotg) sing (sAx%*) + sin (p - arccot g) cos, (sAx“)]. (20)

Proof (oD%)"[ga(Ax®)]

= (oD%)’ [EL(rAx®)®, sing (sAx®)]

= (oD2)" Im{E, ((r + is)Ax®)}]

= Im{( 0D,‘j‘)p[EO{((r + is)Ax“)]}

= Im{AP(r + is)? - E,((r + is)Ax%)}

=Im {Ala(r2 + s2)p/2 [cos (p . arccotg) + isin (p . arccotg)] [Ea(rAx“)@)a [cos,(sAx®) + isina(sAx"‘)]]}

= (r? + s?)P/2 - APE, (rAx®)®, [cos (p : arccotg) sing (sAx%®) + sin (p . arccotg) cosa(sAx“)]. g.e.d.

IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional derivative and a new multiplication of fractional analytic
functions, we obtain arbitrary order fractional derivative of two matrix fractional functions. In fact, our results are
generalizations of classical calculus results. In the future, we will continue to use Jumarie type of R-L fractional calculus
and the new multiplication of fractional analytic functions to solve problems in applied mathematics and fractional
differential equations.
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